In this paper, developing laminar forced convection flow of a water-Al 2 O 3 nanofluid in a circular tube, submitted to a constant and uniform heat flux at the wall, is numerically investigated.
Refers to the reference (inlet) condition
INTRODUCTION
Convective heat transfer is very important for many industrial heating or cooling equipments. The heat convection can passively be enhanced by changing flow geometry, boundary conditions or by enhancing fluid thermophysical properties. An innovative way of improving the thermal conductivities of fluids is to suspend small solid particles in the fluid. Maxwell [1, 2] showed the possibility of increasing thermal conductivity of a mixture by more volume fraction of solid particles. These fluids containing colloidal suspended nanoparticles have been called nanofluids. Several investigations revealed that nanofluid heat transfer coefficient could be increased by more than 20% also in the case of very low nanoparticles concentrations [3, 4] .
Nowadays there is a fast growth of research activities in this heat transfer area [5] [6] [7] [8] [9] , because the impact of nanofluid technology is expected to be relevant considering that heat transfer performance of heat exchangers or cooling devices is fundamental in many industries [10] . Recently an industrial application was presented by Kulkarni et al. [11] , that proposed aluminum oxide nanofluids as jacket water coolant in a diesel engine for electric generation, showing that the efficiency of waste heat recovery heat exchanger increased due to nanofluid, because of its superior convective heat transfer coefficient. Moreover Nnanna et al. [12] developed a nanofluid heat exchanger for electronic cooling devices. They showed how the system performance improved with respect to conventional equipments.
It was demonstrated that solid nanoparticle colloids are extremely stable and exhibit no significant settling under static conditions, even after weeks or months [9, 13] . However, the development of nanofluids is still hindered by several factors such as the lack of agreement among experimental results from different research groups, poor characterization of suspensions and the lack of theoretical understanding of the heat transfer mechanisms [9] . Different concepts and models have been proposed to explain the enhancement of heat transfer [8, [14] [15] [16] [17] .
Theoretical and experimental investigations have been accomplished to estimate the effective thermal conductivity of nanofluids. Some experimental studies [18, 19] show that the measured thermal conductivity of nanofluids is much larger than the classical theoretical predictions [20] . Other experimental investigations [21, 22] revealed that the thermal conductivity has not shown any anomalous enhancement and for lower volume fractions, the results agree well with the classical equations [20, 23] . Many attempts have been made to formulate efficient theoretical models for the prediction of the effective thermal conductivity, but this topic is still seriously incomplete [24] [25] [26] .
Relatively, few theoretical and experimental investigations have been reported on convective heat transfer in confined flows, as also reviewed in [7] [8] [9] 27] .
Experimental results were obtained on convective heat transfer for laminar and turbulent flow of a nanofluid inside a tube in [14, 28, 29] . Correlations for the Nusselt number, using nanofluids composed of water and Cu, [30] . It was observed that the improvement of the heat transfer coefficient is particularly large at the entrance region, and it decreases with the axial distance. The heat transfer performance of CNT nanofluids in a tube was investigated in [31] . Results showed that the enhancement of heat transfer coefficient is significantly higher than the increase in the effective thermal conductivity.
Numerical investigations on nanofluids are carried out using two approaches. The first approach assumes that the continuum assumption is still valid for fluids with suspended nanosize particles, while the other approach considers a two-phase model for better description of both the fluid and the solid phases. Another approach is to adopt the Boltzmann theory.
The single phase model with physical and thermal properties, all assumed to be constant with temperature, was employed in [32] [33] [34] [35] . The hydrodynamic and thermal characteristics of nanofluids, flowing through a uniformly heated tube, in both laminar and turbulent regimes with adjusted properties, was investigated in [32] . The advantages of nanofluids with respect to heat transfer were discussed in [33] , but it was also found that the inclusion of nanoparticles introduced drastic effects on the wall shear stress. A new correlation was proposed in [34] to describe the thermal performance of Al 2 O 3 -water nanofluids under turbulent regime and a numerical study of heat transfer for water-Al 2 O 3 nanofluids in a radial cooling system was accomplished in Roy et al. [35] . They found that addition of nanoparticles in the base fluid increases the heat transfer rates considerably.
Laminar forced convection flow of nanofluids between two coaxial and parallel disks with central axial injection was considered using temperature dependent nanofluid properties in [36] . The single phase flow model was solved numerically. Results have shown that considerable differences are obtained when using constant property nanofluids with respect to nanofluids with temperature dependent properties. It has been found that to an increase in wall heat flux corresponds an increase in the average heat transfer coefficient whilst the wall shear stress decreases when temperature-dependent nanofluid properties are used. A numerical study on fully developed laminar mixed convection of a nanofluid consisting of water and Al 2 O 3 in a horizontal curved tube was carried out in [37] . Three-dimensional elliptic governing equations were used and the single phase model was employed. It was observed that the fraction of nanoparticles volume does not have a direct effect on the secondary flow, axial velocity and the skin friction coefficient. For a given Reynolds number, a negative effect of buoyancy force on the Nusselt number is obtained while the concentration of nanoparticles has a positive effect on the heat transfer enhancement and also on the reduction of skin friction.
The conjugate heat transfer problem for microheat sinks, considering two types of nanofluids, was numerically investigated in [38] . The effect of Brownian motion on the effective fluid viscosity was considered and found to be less significant than that on the effective thermal conductivity. A numerical investigation on the cooling performance of a microchannel heat sink with nanofluids was carried out in [39] . A theoretical model of thermal conductivity of nanofluids that accounts for the fundamental role of Brownian motion was used.
Results showed that nanofluids reduced both the thermal resistance and the temperature difference between the heated microchannel wall and the coolant.
The two phase approach seems a better model to describe the nanofluid flow. In fact, the slip velocity between the fluid and particles might not be zero [14] due to several factors such as gravity, friction between the fluid and solid particles, Brownian forces, Brownian diffusion, sedimentation and dispersion. The two-phase approach provides a field description of the dynamics of each phase or, alternatively, the Lagrangian trajectories of individual particles coupled with the Eulerian description of the fluid flow field [40, 41] . A two phase mixture model was applied to study the turbulent forced convection flow of a nanofluid in a uniformly heated tube [42] and more recently Namburu et al. [43] investigated the turbulent convection flow of nanofluids inside a tube considering variable properties.
In this paper, developing laminar forced convection flow of a nanofluid in a circular tube is numerically investigated. Steady state of a two dimensional axial symmetric flow is considered and the circular tube is heated at uniform heat flux. The study is carried out for water with alumina particles with a spherical size of 100 nm diameter. The CFD commercial code, Fluent [44] , is employed to solve the problem by means of finite volume method. Single phase and discrete phase approaches are employed to evaluate the developing laminar forced convection flow, taking the constant and temperature variable thermophysical properties into account. A comparison between results obtained by two different models is accomplished in terms of temperature and velocity distributions and Nusselt number profiles. The numerical simulation results are also compared with experimental data of Wen and Ding [30] and Heris et al. [45] .
The aim of this paper is just to test the response of this model, evaluating its performance with smaller particles, because it has the great advantage to require just the thermophysical properties of the base fluid and particles as input. Nothing is required about the whole mixture, so it could be used as a first step analysis to check the performance of a new nanofluid. The single phase model, which has been used frequently for nanofluids, is also implemented to compare its predictions with the mixture model. The following equations represent the mathematical formulation of the single phase model [32-36, 43, 46] and of the continuous phase of the two-phase model [46, 47] :
MATHEMATICAL MODELLING
Conservation of mass:
Momentum equation:
The compression work and the viscous dissipation are assumed negligible in the energy equation; the source/sink terms S m and S e represent the integrated effects of momentum and energy exchange with base fluid, as shown in the following, and they are equal to zero in the case of single phase model.
Discrete phase is made of spherical particles following the model given by Ounis et al. [48] . Accordingly, motion equation is expressed in a Lagrangian form, to obtain the following expression [46] [47] [48] :
where F is an additional term that can eventually include important additional forces under determined circumstances (i.e. forces that arise due to rotation of reference frame, thermophoretic force, Brownian force), F D (V -V p ) is resistance force per particle mass unit. Eq. (4) has a general validity, because it is simply the expression of a force balance on a particle immersed in a fluid. To solve Eq. (4a), it needs to specify the drag coefficient F D and it can be done using the Stokes' law. At this point a first limitation is imposed to the model, because the Stokes' law is valid for Re d 0.1 [49] , where Re d is defined as:
In the cases considered in the present work Re p 0.01, so the following form of the Stokes resistance law is considered [46, 48, 49] :
The factor C c is the Cunningham correction [46, 48] :
where λ is the particle mean free path. Cunningham correction is necessary to apply the Stokes' resistance law to submicrometer particles [46, 48] .
Once solved Eq. (4), it is possible to evaluate the momentum transfer between particles and base fluid, computed by examining the change in momentum of a particle as it passes through each control volume in the model. This momentum change is calculated as [44, 47] 
where V is the cell volume and np is the number of particles within a cell volume and those cells with np=0 are assigned a zero value for the source terms.
The same approach used for momentum equation can be employed for energy equation and for spherical particles the following equation is obtained [46, 47] :
where h is calculated from the Ranz and Marshall correlation [50, 51] :
Following the same approach used for the momentum equation, it is now possible to calculate the source term, S e , for the energy equation [44, 47] :
The main approximation of the DPM model applied to the nanoparticles is represented by the Ranz and Marshall correlation, which was developed for submicrometer particles and, moreover, in the present case Re d is slightly outside from the lower limit, being around 0.5.
Boundary conditions
At the tube inlet, profiles of uniform axial velocity V 0 , temperature T 0 (=293 K) prevail. Moreover, in the case of temperature dependent properties, the reference viscosity value for Re calculation is taken at T 0 . At the tube exit section, the fully developed conditions prevail, that is to say that all axial derivatives are zero. No-slip conditions and uniform heat flux are imposed on the tube wall. As noted earlier, both the flow and thermal fields are assumed symmetrical with respect to the vertical plane passing through the tube main axis.
Physical properties of the nanofluids for single phase model approach
The determination of nanofluid properties is, as previously mentioned, at the center of current nanofluid research. Base nanofluid properties have been published over the past few years. However, only recently have some data on temperature-dependent properties been provided, even though they are only for nanofluid effective thermal conductivity and effective absolute viscosity and for a few particle loadings. For single phase model, the following formulas were used to compute the thermal and physical properties of the considered nanofluid:
Density
In the absence of experimental data for nanofluid densities, constant-value temperature independent values, based on nanoparticle volume fraction, are used:
Specific heat
Similarly, in the absence of experimental data relative to nanofluids, it has been suggested that the effective specific heat can be calculated using the following equation as reported in [28, [32] [33] [34] [35] [36] 46] :
Other authors suggest an alternative approach based on heat capacity concept [13, 15] :
These two formulations may of course lead to different results for specific heat. Due to the lack of experimental data, both formulations can be considered equivalent in estimating nanofluid specific heat capacity [36] . Moreover the difference in the Cp calculation using the two approach is less than 10% for the cases considered in this present work. In this paper, Eq. (8a) is considered for the calculations.
Dynamic viscosity
In this work, dynamic viscosity dependence only on is considered in one case, then the variability with the temperature is taken into account in the other case.
In the first case, in order to evaluate nanofluid dynamic viscosity, a least-square curve fitting, based on some scarce experimental data available in [17, 52, 53] was performed by Maiga et al. [32, 33] , leading to the following equation: In the second case it is assumed that temperature dependant nanofluid properties will yield even better predictions with respect to constant properties. In the present work, the dynamic viscosity is evaluated by means of the polynomial curve fitting proposed in [36] , based on the data reported in [54] . The resulting equations were used to compute the nanofluid effective viscosity, as a function of the local temperature, expressed in K as given in [ 
Thermal conductivity
For the thermal conductivity determination, the same criteria used for the dynamic viscosity is considered, thereby introducing the following equations, as given in [32, 33] (10) obtained using the model proposed by [20] , assuming spherical particles. Such model, which was first developed based on data from several mixtures containing relatively large particles (i.e. millimeter and micrometer size particles) is believed to be acceptable for use with nanofluids, although it may give underestimated values of thermal conductivity [32, 33] .
In the second case, temperature dependent thermal conductivity is determined by the equation suggested in [36] , derived from the experimental data given in [54] . The following equations, with T in K, are considered [36] : (13) where and Cp are independent of temperature and equal to the previous value.
Numerical method
The computational fluid dynamic code FLUENT [44] is employed to solve the present problem. The governing equations (1-3) are solved by control volume approach. This method is based on the spatial integration of the conservation equations over finite control volumes, converting the governing equations to a set of algebraic equations. The algebraic "discretized equations", resulting from this spatial integration process, are sequentially solved throughout the physical domain considered. FLUENT solves the systems resulting from discretization schemes using a numerical method. The residuals resulting from the integration of the governing equations (1-3) are considered as convergence indicators.
In order to ensure the accuracy as well as the consistency of numerical results, several non-uniform grids were subjected to an extensive testing procedure for each of the cases considered.
Results obtained for a particular test case showed that, for the tube flow problem under consideration, the 10 x 12 x 400 non-uniform grid appears to be satisfactory to ensure the precision of numerical results as well as their independency with respect to the number of nodes used. Such grid has 10, 12 and 400 nodes along the radial, tangential and axial directions respectively, with highly packed grid points in the vicinity of the tube wall, especially at the entrance region.
The computer model has been successfully validated with correlation reported in [55] for thermally and hydraulically developing flow, showing an average error less than 2%, as reported in Fig. 1b , where local Nusselt number is calculated according to the following definition: (14) and h(z) is defined as:
From the previous equation the h is calculated as follow:
( 1 (16) and the average Nusselt number is defined as:
RESULTS
Results were carried out employing the single phase and discrete phase models for ϕ=1% and 4%, Re=250, 500, 750 and 1050 and q=5000, 7500 and 10000 W/m 2 for both constant and temperature-dependent properties. In all cases, the size of the spherical particles is considered equal to 100 nm. Figure 2a shows the profiles of axial velocity along tube radius up to z/L=0.2 for Re=250, q=5000 W/m 2 and ϕ=4%. It can be observed that nanofluid motion is fully developed at exit section which is located 1.00 m after the inlet section. For single phase model, when properties are not dependent on temperature, velocity profile and hydrodynamic entrance length are nearly independent on concentration value. Velocity axial profiles are nearly identical at z/L=0.2 for ϕ=0%, 1% and 4%, as shown in Fig. 2b .
Thermal entrance length depends on Prandtl number too, so when concentration increases Pr number also increases and consequently, thermal entrance length becomes greater. Dimensionless temperature of the fluid at several axial locations along the radius is reported in Fig.3 for ϕ=0% and 4%. For both the base fluid and the nanofluid, the motion is not thermally developed. As the concentration increases the thermal entrance length rises, as it is also noticed by a higher slope of relative local heat transfer coefficient, h r , for ϕ=4% shown in Fig. 4a .
This figure also clearly shows the enhancement of convective heat transfer due to the presence of nanoparticles. At the exit section, the increment of the heat transfer coefficient is 14% for constant properties and 17% for temperature dependent properties, in the case of ϕ=4%.The advantage is particularly great at the entrance section.
Relative local coefficient is always decreasing with axis location when fluid properties are constant, whereas temperature-dependent properties make h r to increase with z. This happens because, in the case of temperature dependent properties, there is a linear increase of thermal conductivity with temperature, and therefore, a better heat transfer between wall and fluid exists. Consequently, there is a decrease in the temperature difference between the wall and bulk temperature and with the heat flux on the wall being constant, there is an increase in the heat transfer coefficient, as shown in Figs. 4b and 4c .
From Fig. 4a , in the case of temperature dependent properties, it is possible to observe an increase in the curves slopes, which is due to the fact that the increase in h nf is greater than h bf . If the two coefficients (h nf and h bf ) had the same increase, the curves of Fig. 4a for constant and temperature dependent properties would have overlapped.
The case with variable properties presents, with respect to the case with constant properties, the ratio h nf /h bf with a larger increase because the thermal conductivity of the nanofluid has a higher increment than the simple water.
In Fig. 5a and b radial temperature profiles at z/L=1.0 for Re=250 and q=5000 W/m 2 are reported for the investigated models for constant and non-constant properties respectively. For constant properties, Fig. 5a , temperature is strongly dependent on concentration ϕ. When concentration increases fluid temperature decreases quickly, particularly near the tube wall; furthermore, the difference between temperature values, for base fluid and for nanofluid, increases as r increases, indicating that higher heat transfer rate, with nanoparticles, is achieved. For ϕ=1%, two phase model gives lower temperatures than single phase model for r/r 0 <0.15. Moreover, the difference between temperature at the axis (r/r 0 =0) and surface (r/r 0 =1) is lower for two-phase model. When the volume concentration of particles is higher (4%), temperature profile for twophase model is very similar to the one for single phase model and, on the surface, there is a temperature increase with respect to the reference value of 29 K in both models. When properties are temperaturedependent, Fig.5b, for ϕ=1% , temperatures difference between the two models decreases with respect to the case of constant properties and at tube wall, the temperature for two phase model is about 1 K lower than the one for single phase model. Moreover, in the core region (r/r 0 <0.2) there is a clear existence of a uniform temperature fluid zone that becomes more visible for higher value of ϕ. Figures 6a and b show wall and bulk temperature profiles along tube axis for Re=250 and q=5000 W/m 2 for the single and two phase models and for constant and variable properties respectively. It can be noticed that the decrease of wall and bulk temperatures for a nanofluid, with respect to the base fluid, increases with the z coordinate. For a concentration of 1%, wall and bulk temperatures for the single phase model are higher than the ones for the two-phase model, whereas for ϕ=4%, temperature profiles for the two models are very similar particularly for constant properties.
These results have indicated the beneficial effects due to nanoparticles effects that may be mainly explained by the fact that, with the presence of such particles, the thermal properties of the resulting mixture have considerably improved, moreover additional effects such as gravity, drag on the particles, diffusion, Brownian forces play an important role [46] . In fact considering temperature constant properties, in the single phase model such effects are not considered and the increase in the average heat transfer coefficient is very similar to that of nanofluid vs. base fluid thermal conductivity. While, in the case of discrete phase model, where gravity and drag are taken into account, there is a higher increase of the average heat transfer coefficient, especially for ϕ=1%, as shown in Fig. 7a . Therefore, the nanofluid offers, as expected, higher thermal capability than the base fluid. It is also noted that with higher thermal conductivity of the mixture, the convective heat transfer between wall and fluid should consequently be more efficient.
Average heat transfer coefficient and Nusselt number are reported in Table 1 together with the relative increase of the total heat transfer rates and Nusselt number as a function of the nanoparticle volume fraction . As can be noticed, significant increases of the total heat transfer rates can be found with the use of suspended nanoparticles. For example, for = 4%, heat transfer rate and Nusselt number increase of about 20% and 16% respectively. Slight discrepancies are noticed between the models. Table 2 presents the average wall shear stress value, τ av , and the nanofluid-to-base fluid wall shear stress ratio (defined as τ r = τ nf /τ bf ) for the case Re =250 and q=5000W/m 2 and various particle concentrations. For pure water, τ av value is lower when properties are temperature-dependent because viscosity decreases with temperature. When ϕ=1%, τ av values for constant properties are higher than those for variable properties and in both cases τ av values, for two-phase model are higher than those for single phase model. When ϕ=4%, τ av values for constant properties are again higher than those for variable properties, whereas τ av values for twophase model are lower than those for single phase model. However, the difference between the values for single and two-phase models is small. The values of τ r, for ϕ=1%, are similar for the single and two-phase models, whereas for ϕ=4%, all the four models give very similar values.
Relative heat transfer coefficients are reported in table 3 for the investigated models, for the same Reynolds number (Re=250) and different heat fluxes (q=5000, 7500 and 10000W/m 2 ). The coefficients h r in the case of ϕ=1% and 4% and for non-dependent temperature properties are practically constant with heat flux and, although the coefficients are very similar, in the single phase model, they tend to increase slightly when properties are temperature dependent, while for the two-phase model, the coefficients do not change with the heat flux, but they result slightly higher when properties are constant. An analogous behaviour is observed for the relative wall shear stress τ r , as shown in Table 4 . Wall shear stress decreases with heat flux in all the investigated cases because when heat transfer increases, bulk temperature rises too hence fluid viscosity decreases. As previously noticed the presence of nanoparticles increases the wall shear stress. For ϕ=1%, τ r is almost constant with heat flux, whereas for ϕ=4%, τ r slightly increases with q.
In general, τ r increases considerably with the particle volume fraction, ϕ, and this adverse effect is somehow expected, as it results from a strong increase of the mixture viscosity due to inclusion of nanoparticles.
The effect of Reynolds number on average heat transfer coefficient is shown in Figures 7a and b for the single and two phase model, at q=10000 W/m 2 . When the properties are constant, Fig.7a , for ϕ=1%, some differences, in the range of about 8%-11%, are detected between the single and two phase model, particularly, the two phase model which leads to overestimated values. When the concentration increases, these differences tend to reduce. In fact, for ϕ=4% they are in the range of about 2%-7%, with the highest deviation for Re=1050. When properties are temperature-dependent, Fig. 7b , the differences between the single and two phase models reduce for both examined concentrations. In fact when ϕ=1%, the differences between the two models are contained between 4% and 8%, while for ϕ=4%, they are between 2% and 4%, with the highest deviation always for Re=1050.
In Fig. 8a and b, Nusselt number as function of Re for the considered concentrations is reported. In the figure a comparison with the correlation given by Maiga et al. [33] and the experimental data of Heris et al. [45] is also carried out. In Fig. 8a it is possible to observe the Nu av behaviour for ϕ=1% and, except for Re=250, a good agreement is found with the correlation given in [33] . Moreover, a maximum deviation of about 17%, in the case of Re=1050, for the single phase model, is estimated. The experimental data presented in [45] are obtained for a tube with constant wall temperature, they are therefore corrected by means of a 20% increase in Nussult number. This correction derives from the fact that Nu number in a developing laminar flow in a circular tube is averagely 20% higher for constant heat flux boundary condition with respect to constant temperature [56] .
The corrected data given in [45] are very close to the ones obtained with the single phase model and constant properties with an error of 2.3% and 0.1%, respectively, for Re=500 and 750.
In Fig. 8b , average Nusselt number for ϕ=4% is shown and also in this case, except for Re=250, a good accord with the correlation given in [33] is confirmed. In fact, the maximum deviation is equal to 12% for Re=750 and single phase model with constant properties.
Finally, a comparison with the experimental data from Wen and Ding [30] is carried out for Re=1050 for ϕ=1%. In Table 5 , local Nusselt number and its ratio with local Nusselt number for base fluid are reported at z/D = 26 and 63 and for all the investigated models. The lower differences between experimental and numerical data are for two-phase model with temperature-dependent properties, the maximum gap being equal to 3.5% at z/D=63.
CONCLUSIONS
In this paper the hydrodynamic and thermal behaviours of water-Al 2 O 3 nanofluids flowing inside a uniformly heated tube were numerically investigated in stationary conditions and for laminar flow. Four models were employed: single and two-phase models with either constant or temperature-dependent properties.
Results clearly showed that the inclusion of nanoparticles produced a considerable increase of the heat transfer with respect to that of the base liquid. Heat transfer enhancement was increasing with the concentration of particle volume. However it was accompanied by increasing wall shear stress values.
It can be said that temperature dependent models present higher values of heat transfer coefficients and Nusselt numbers because the difference between wall and bulk temperature is minimized, thereby maximizing the heat transfer. On the other hand, another positive effect is due to the decrease of shear stress, because viscosity decreases with temperature.
For each investigated concentration value, the heat transfer enhancement is higher for the greatest Reynolds number. The effect of Reynolds number is greater for temperature dependent properties. A good relationship was shown with the data from Wen and Ding [27] , Maiga et al. [33] and Heris et al. [45] .
As for the comparison between single and two phase models, their results are quite similar (the maximum difference detected is 11% for the average heat transfer coefficient), especially for ϕ=4% and in the case of variable properties. In our opinion, this is a good result, as this model could be used to test new nanofluids, since it requires information about just particles and base fluid, with no reference to the mixture. Therefore,it may result as a "winning first glance" approach in the study of new mixtures, considering also the low cost connected to it. 
